In this paper we study the Delsarte problem for even functions continuous on [−1, 1], nonpositive on [−1/2, 1/2], and representable as series with respect to the ultraspherical polynomials {R α,α n } ∞ n=0 , α = (m − 3)/2, m ≥ 2, with nonnegative coefficients. The value w A m of the Delsarte problem gives an upper bound for the largest power of antipodal spherical 1/2-code of the space R m , m ≥ 2. The Delsarte problem is the problem of infinite linear programming. In this paper the value w A m is found for 3 ≤ m ≤ 161 with a few gaps. The results are summarized in a table. We give a detailed proof for m = 43 and point out a scheme of a proof for other cases.
Introduction. Setting of the problem
In this paper we study an extremal problem on a class of functions continuous on a closed interval, representable by series with respect to the ultraspherical polynomials with restrictions on values of the functions and coefficients of the representations. The problem occurs in applying of the Delsarte scheme to the problem on the largest power of antipodal spherical s-codes of Euclidean spaces R m .
For the first time this scheme arose in the investigations of Delsarte [1] , [2] of the bounds of packings in certain metric spaces. The Delsarte scheme was developed and successfully used in the works of G.A. Kabatianskii and V.I. Levenshtein [3] , A. Odlyzko and N. Sloane [4] , V.I. Levenshtein [5] , [6] , [7] , V.M. Sidel'nikov [8] , V.A.Yudin [9] , P.G. Boyvalenkov [10] , P.G. Boyvalenkov, D.P. Danev, and S.P. Bumova [11] , V.V.Arestov and A.G. Babenko [12] , [13] , and others in connection with the investigation of optimal (in one or another sense) arrangement of points in metric spaces and, in particular, the investigation of the contact numbers of Euclidean spaces R m . The Delsarte scheme leads to a problem of infinite linear programming (we will call it the Delsarte problem). The value of the problem gives an upper bound for the original problem. Our interest is the Delsarte problem connected with spherical s-codes in R m . First in this theme, V.M.Sidel'nikov used in his work a quadrature formula of the Gauss-Markov type where only values of a function were equipped. He applied the formula to prove an extremality of the Levenshtein polynomials on a class of polynomials of the same or a smaller degree. In the paper [11] by P.G.Boyvalenkov, D.P.Danev, S.P.Bumova an extremality criterion for the polynomials of V.I.Levenshtein in the problem on the largest power of a spherical s-code was proved. In the paper [14] by P.G.Boyvalenkov and D.P.Danev, the criterion was generalized. This made possible the use of the criterion to establish values s and m for which the Levenshtein polynomials are the extremal polynomials in the problem on the largest power of an antipodal s-code (the antipodal contact number). Using this criterion, P.G.Boyvalenkov and D.P.Danev established the non-extremality of the Levenshtein polynomials for some s and m. But they failed to establish the extremality of the Levenshtein polynomials. V.V.Arestov and A.G.Babenko [12] constructed essentially a quadrature formula where not only values of functions, but also their Fourier-Jackobi coefficients were equipped. In this way they succeeded, in particular, in solving of the Delsarte problem for s = 1/2, m = 4. In the paper [15] the Delsarte problem was solved for s = 1/3, m = 4, 5, 6 by a similar method. The author [16] Let R m , m ≥ 2, be the real Euclidean space with the standard inner product xy = x 1 y 1 + x 2 y 2 + . . . + x m y m , x = (x 1 , x 2 , . . . , x m ), y = (y 1 , x 2 , . . . , y m ), and the norm |x| = √ xx, x, y ∈ R m . Let B m (y) = {x ∈ R m : |x − y| ≤ 1} be the ball of the unit radius with center at the point y ∈ R m . Let τ m denote the maximal number τ of nonoverlapping balls B m (y (1) ), B m (y (2) ), . . . , B m (y (τ ) ) of the unit radius: (|y (i) | = 2, i = 1, 2, . . . , τ ; |y (i) − y (j) | ≥ 2, i = j) touching the central ball B m (0) of the unit radius. The quantity τ m is called the contact number of the space R m .
At present, the exact values of τ m are known (see [17, Under additional restriction of symmetry with respect to origin on a location of balls, we obtain the problem of non-lesser interest about finding of antipodal contact number τ A m . This problem is connected (see, for instance, [9] ) with the classical problem on the largest number of integer points on an ellipsoid. About these problems it is known a little bit more. In particular, it is known that τ A 2 = 6,
Moreover, 24 is the largest dimension where these values are calculated exactly. For m > 24 only two-sided estimates of these quantities are known. But the known estimates do not show, for instance, the order of growth neither of τ m nor of τ A m as m → ∞. Specific arrangements of balls give lower bounds for τ A m and τ m . A nonconstructive method to estimate τ A m from below also exists. In this paper we will not discuss lower bounds for τ A m . The information and the bibliography concerning this theme can be found in the already cited monograph [17] . The Delsarte approach give an efficient upper bound for τ A m . We will state the method for a more general case for the problem on the largest power of spherical s-codes of Euclidean spaces R m .
Let S m−1 = {x ∈ R m : |x| = 1} be the unit sphere of the space R m . We basically follow the notation of [19] . Suppose a set W ⊂ S m−1 contains at least two points. All possible values of inner product of different vectors x, y from W form the set which we denote by A(W ), i.e., A(W ) = {xy : x = y, x, y ∈ W }.
The set W ⊂ S m−1 with the property A(W ) ⊂ [−1, s] is called the spherical s-code. The set W ⊂ S m−1 is called the centrosymmetrical set, if for any point x from this set, the point −x also belongs to the set. The set W ⊂ S m−1 which is the centrosymmetrical set and the spherical s-code simultaneously, is called the antipodal spherical s-code.
Let W A m (s) denote the set of all antipodal spherical s-codes from S m−1 . Let N A m = N A m (s) denote the largest possible power of antipodal spherical s-code, i.e., suppose that
It is readily seen that
A trivial connection between τ m and τ A m follows from the fact that an antipodal spherical s-code is a spherical s-code. Namely, 1, 2 , . . . , be the system of ultraspherical polynomials (Gegenbauer polynomials) orthogonal on the closed interval [−1, 1] with weight (1 − t 2 ) α , α = (m − 3)/2, and normalized by the condition R k (1) = 1. We denote by F A m = F A m (s), s ∈ [0, 1), the set of functions f continuous on [−1, 1] with the following properties:
(1) the function f can be represented as the series
whose coefficients satisfy the conditions
(2) the function f is nonpositive on [−s, s] :
On this set of functions we consider the Delsarte problem of evaluating
Let agree to call this quantity the Delsarte constant (function).
In the paper [12] by V.V.Arestov and A.G.Babenko, it was proved finiteness of the expansion (3) of the function extremal in the problem (6), i.e., it was proved that the function providing the minimum in the problem (6) is a polynomial. At the same time, using Corollary 2.2 from [12] , pointwise estimates for the polynomials R 2k (t) on [−s, s] (one can use, for instance, Lemma 2.1 from [16] ), and also an universal upper estimate by V.I.Levenshtein for w A m (s), one can find an efficient upper estimate of an degree of an extremal polynomial.
The following statement is contained in the paper [9] . This statement gives an upper estimate of N A m (s), and so of τ A m (see (2)), by (6) .
Since N A m is an even number, the theorem involves
where [t] 2 is the largest even number not exceeding t. The problem on the largest power of antipodal spherical codes was considered in the papers [6] , [7] , [18] , [10] . In the paper by V.I.Levenshtein a good upper estimate of w A m was obtained. Bellow in the present paper it will be shown that for rather large number of m this estimate can not be improved by the Delsarte method. In the papers [14] and [18] necessary and sufficient conditions for extremality of the Levenshtein polynomials in the Delsarte problem were established. In the paper [18] with use of these conditions (criterion), a number of s and m for which the Levenshtein polynomial is not the extremal polynomial in the Delsarte problem were found. With use of the fact, in the paper [18] the estimate by V.I.Levenshtein was a little bit improved for these s and m. But neither in this paper nor in more earlier papers extremality of the Levenshtein polynomials (corresponding sufficient conditions) was not under consideration with the exception of those cases when an upper estimate coincides with the known lower estimate. In these cases extremality of the Levenshtein polynomials is obtained automatically (for example, for s = 1/2 and m = 2, 4, 6, 7, 8, 24).
Our interest is s = 1/2. Let
The following is done in this paper. [7] . For all these m it was, practically, needed to verify sufficient conditions for extremality of the Levenshtein polynomials in the Delasarte problem. And it was done. The corresponding results are given in Table 1 . In addition, extremal polynomials different from the Levenshtein polynomials were found. These are polynomials of the forms 3 and 4 (see Sect. 4). The corresponding results are given in Table 2 . 2 A method of investigation for the Delsarte problem.
From now on we follow in general the scheme of reasoning from the papers [12] , [13] , [15] , [16] . The present paper is close to the paper [16] with respect to methods of investigation and nature of results. Suppose ℓ = ℓ 1 is the space of summable sequences x = {x 2k } ∞ k=1 of real numbers, and C[−1, 1] is the space of functions continuous on [
In the problem (6) we can restrict our attention to functions f ∈ F A m , with f 0 = 1. For such a function let x = {f 2k } ∞ k=1 ; we have f (t) = 1 + (Ax)(t) and f (1) = 1 + ∞ k=1 f 2k . Hence, we can deduce that (6) is connected with (9) by w
The problems (6), (9) are problems of infinite linear programming (see, for instance, the monograph [20] ). In [12] , with the help of these considerations the existence of solutions (extremal functions) of a problem more general than (6) and of the corresponding dual problem was proved. We denote by Φ A m the set of even functions f ∈ C[−1, 1] representable as the series with respect to the ultraspherical polynomials R 2k = R α,α 2k , α = (m − 3)/2, with an (absolutely) summable sequence of real coefficients:
Evidently,
In what follows, we consider only the case s = 1/2. To solve the problem (6), a quadrature formula (specific for each m) on the class of functions f ∈ Φ A m was constructed. This formula contains not only the values of the function, but also the Fourier coefficients f 2ν of the representation f (t) = ∞ k=0 f 2k R 2k (t) as the series with respect to the polynomials R 2k . To be exact, the formula has the form
where
and the functional L is given by (13) where the nodes
) and the values L(R 2ν ), ν ≥ 1, of the functional L are nonnegative for the polynomials R 2ν . Simultaneously with the quadrature formula (12) we construct a polynomial f * ∈ F A m such that the following equality holds:
Under these conditions, the quantity 2/λ(1) is the value of the problem (6) (for s = 1/2), i.e., we have
Indeed, by (12) and the nonnegativity of the coefficients of the quadrature formula, for any function f ∈ F A m we have
Thus, for any function f ∈ F A m we have
and so
For the polynomial f * inequality (16) turns into equality. Consequently, inequality (17) is in fact an equality, i.e., (15) holds. In addition, the function f * has the property w A m = 2 f * (1)/f * 0 , i.e., this polynomial is a solution (an extremal function) of the problem (6) . The functional L is defined by the measure which is a solution of the dual problem.
The condition (14) imposes rather severe restrictions on the function
and on the quadrature formula (13) . Namely, the following conditions must be satisfied: (a) all nodes t ν of the functional L (except t = 1) belong to [0, 1/2] and they are zeros of the function f * . Moreover, every zero from [0, 1/2) is at least a double zero; (b) for k ≥ 1 the coefficients f * 2k of the representation (18) of the function f * are connected with the values L(R 2k ) of the functional (13) for the polynomials R 2k by the relation f * 2k L(R 2k ) = 0; (c) the sum of weights of the functional L is equal to 1, i.e.,
Besides, in order to the functional L be nonnegative and the polynomial f * belong to the class, the following conditions must be satisfied:
(d) the weights λ(t ν ) of the functional L are nonnegative and λ(1) > 0; (e) for all polynomials R 2k , k ≥ 1, the functional L is nonnegative:
(f) the polynomial f * belongs to the class F A m , i.e., its coefficients f * 2k , k ≥ 1, are nonnegative, f * 0 > 0, and the condition f
In all cases when the problem (6) is solved exactly, t = 1/2 is a zero of the polynomial, moreover, its multiplicity is 1. In order to construct the polynomial f * , it is important to have a priori information about the structure of the polynomial: the degree, the numbers of the vanishing coefficients from the representation (18) , the number of (multiple) zeros of the polynomial on (−1/2, 1/2), and whether or not the point t = −1 is a zero of the polynomial. Information about the form of the extremal function must be cleared up separately. Most often we actually guess it, using some ideas, for example, a preliminary numerical experiment. If we have the above information, the extremal polynomial f * and the functional L are constructed as follows.
The conditions (a)-(c) give the system of (nonlinear) equations with respect to the nodes {t i } of the functional (13) from [0, 1/2] that are zeros of the function f * , the coefficients {f * 2k } of the function (polynomial) (18) , and the weights {λ(t i )} of the functional (13) . Usually, a solution of the set of equations is not unique. We have to choose a solution that satisfies the above-listed conditions (d)-(f).
3 The forms of extremal functions.
In this paper, the value of w A m = w A m (1/2) will be found for the following m : 6, 7, 8, 24) . In all these cases, the extremal function is a polynomial. The structure of the polynomial essentially depends on m. The extremal polynomials are of one of the following 4 forms. In formulas below a i denote (double) zeros t i of an extremal polynomial (nodes of the functional L) belonging to (0, 1/2). In these formulas, and in what follows, s = 1/2.
The results of the work are summarized in the Tables 1 and 2 below. The first column gives the space dimension, the third column gives the number K of double zeros of the extremal function on (0, 1/2), the fourth column gives one of 4 forms (exactly, the number of the form) of the extremal function, and the fifth column gives the degree of the obtained polynomial. The second column contains the solution of the Delsarte problem w A m = w A m (1/2) that we have found.
The form of the extremal function and the values K, m is the very infor-mation according to that we form the simultaneous equations starting from the conditions (a)-(c) of Section 2. In all cases considered in the paper, the number of equations coincides with the number of variables. The equations are nonlinear. In this connection, the solution is not unique. We have to choose the solution that gives a function f * and a functional L satisfying the conditions (d)-(f). We have done this for all the above-mentioned m. But we cannot give full proof for each case because the corresponding computations occupy too much room. A detailed proof will be given only for m = 43. Constructing of the simultaneous equations for other m, their analysis and proof of extremality of obtained solutions are realized analogously. All analytic and numerical computations were made by using the Maple package of analytic computations.
The table of the results.
In the Table 1 the values w A m are given for the case of an extremal polynomial having the form 1 or 2 (i.e., the Levenshtein polynomial). The indicated values were known earlier as estimates of the largest power of an antipodal spherical 1/2-code (see [7, p.8] ). In the present paper we assert that the mentioned values are a solution of the problem (6) (for s = 1/2). In the table 2 the values w A m are given for the case when an extremal polynomial in the problem (6) (for s = 1/2) is a polynomial of the form 3 or 4. These values can be used as new estimates of the largest power of spherical 1/2-codes in R m which are unimprovable by the Delsarte method. 
According to the table of the results, the extremal function is an even eighteenth-degree polynomial of the form 3 with K = 3; its fourteenth and sixteenth coefficients in representation (3) with respect to the ultraspherical polynomials are zero. Thus, the extremal polynomial has the form
We are to choose parameters of the polynomial, i.e., the zeros {a i } and the coefficients q, r; in addition, the following two conditions must be satisfied: (c1) the (double) zeros a i , 1 ≤ i ≤ 3, lie on (0, 1/2) ; (c2) the polynomial t 4 +q t 2 +r is nonnegative on [0, 1/2] (and, in reality, it will be positive on all the axis).
Simultaneously with the function (20) we are to construct the quadrature formula
with the following properties: (p1) the formula is sharp on the set P A 18 of even algebraic polynomials of degree up to 18; (p2) L(R 2k ) ≥ 0, k ≥ 0; in addition (as a consequence of the preceding condition), L(R 2k ) = 0, 1 ≤ k ≤ 9, k = 7, 8; (p3) the coefficients A i , 0 ≤ i ≤ 4, of formula (22) are nonnegative. The number of all the parameters here is twelve. Namely, there are five coefficients A i , three unknowns a i , two coefficients of the polynomial t 4 + q t 2 + r, and two coefficients γ 14 , γ 16 . In order to find these parameters, we construct the set Σ 12 of twelve (nonlinear) equations. Ten equations are given by the condition that the quadrature formula (21) is sharp for even algebraic polynomials of the eighteenth degree, i.e., the condition (p 1); and two equations are given by the conditions that the coefficients f * 14 , f * 16 of representation of the unknown polynomial f * by the system {R 2k } are equal to zero.
In order to simplify Σ 12 , we use the following considerations. We use a basis of polynomials in the space P A 18 such that after substitution of these polynomials in the quadrature formula (21) we get the simplest equations. In addition, we replace the squared zeros a i , 1 ≤ i ≤ 3, of the polynomial (20) by their symmetric functions U i , 1 ≤ i ≤ 3. To be exact, we find the
, whose square is in the expansion (20) , in the form
The system of equations Σ 12 constructed in this way has several solutions, and only one of them satisfies conditions (c1), (c2), (p2), (p3). One can find the construction of the system of equations and its solution in the proof of the following theorem and Lemma 5.1. We solved the system with the help of the Maple package of analytic computations. We do not give these constructions and computations. We give a result of the computations, i.e., we give the concrete function (20) and the quadrature formula (21) + (22) and prove that they solve the problem.
To state the results of this part of the work, we need some definitions and notation. Let H be the following polynomial of the third degree:
The polynomial has one real and two complex zeros: ,
The numbers q, r, ζ 0 , ζ 1 , ζ 2 define the polynomial of the eighteenth degree
We denote by f * k its Fourier coefficients in the expansion with respect to the polynomials {R k }. The polynomial f * is an even polynomial. Therefore its coefficients with odd indexes are equal to zero. Hence the expansion has the following form
Finally, let {a i } 3 i=1 be positive zeros of the polynomial
they all belong to (0, 1/2) and have the following approximate values: The following statement is the main result of this section. 
This relation is usable for evaluation of the coefficients of the polynomials R n , n ≥ 1, in their expansion by degrees of t. In the sequel on several occasions we represent a polynomial f (t) = ν k=0 c k (f )t k of degree ν by the system {R k } :
We do this by the following known scheme. Suppose c ν (R ν ) is the leading coefficient of the polynomial R ν . Then for the expansion (31) we have f ν = c ν (f )/c ν (R ν ). The degree of the polynomial f 1 = f − f ν R ν is equal to ν − 1. Repeating this process for the polynomial f 1 , we get the coefficient f ν−1 and so on. With the help of the polynomial (28) we define the polynomials
In what follows we use the notation
for coefficients in representations of these polynomials by the system of ultraspherical polynomials. Let us introduce the quantities
Their numerical values are the following: 
here L is the functional
with coefficients defined by (34)-(37). The functional L has the following properties:
P r o o f. In the proof of the lemma we use the ideas similar to those applied in the proof of Lemma 4.2 from [12] in the investigations of the quantity w 4 (1/2).
We first find what conditions on the real nodes
and the coefficients λ 1 , λ 1/2 , λ A 1 , λ A 2 , λ A 3 , γ 14 , γ 16 must hold if the quadrature formula
is valid on the set of all even polynomials f (t) = 9 k=0 f 2k R 2k (t) of degree up to 18. Next we add several conditions that together with the previous ones become sufficient for construction of the required quadrature formula on the set Φ A 43 . Let
We consider the following polynomial of the tenth degree:
With the help of the polynomial, we define some more algebraic polynomials (of degree up to 18). Let ϕ 1 = σ and
be the expansion of the polynomial by the system {R k } ∞ k=0 . In fact, the degree of the polynomial is 10 and therefore, ϕ 1 14 = ϕ 1 16 = 0. Our interest is the coefficient of R 0 in the expansion. For this coefficient we have
Similarly, for the polynomial
we have
.
Substituting the polynomials ϕ 1 , ϕ 2 in (44), we get the first necessary condition of existence of the formula: Let us introduce the polynomials
Substituting the polynomials h 4 , h 5 in (44), we get
Substituting U 0 , U 1 from (48) in formulas for λ 1 , λ 1/2 , we get
In the same way, with the help of the polynomials h i , 1 ≤ i ≤ 3, we find
We do not give explicit formulas for the coefficients λ A i , because the expressions occupy too much room. Substituting the polynomials ϕ 5 (t) = t 8 σ(t) in (44) and considering the formulas obtained above for γ 14 , γ 16 , U 0 , U 1 , we get the following equation:
The polynomial F (U 2 ) coincides with the polynomial H. Thus, the conditions H(U 2 ) = 0 and (48), and (50)-(54) are the necessary conditions for the existence of the quadrature formula (44).
As mentioned above, the polynomial H has one real and two complex zeros; in (24) we denoted its first real zero by ξ. From now on we suppose that
where ζ 0 , ζ 1 , ζ 2 are defined by (25). Under these assumptions, the polynomial χ defined by (46) coincides with the polynomial (28). Consequently,
This implies that the coefficients (45)) coincide with the coefficients (34) -(37) of the functional L defined by (39). Therefore, (44) takes the form
Now we can assert that the formula is valid for the polynomials h 1 , h 2 , . . . , h 5 , ϕ 1 , ϕ 2 , . . . , ϕ 5 . These ten polynomials form the basis in the set P A 18 of even polynomials of degree up to eighteen. Therefore, the quadrature formula (58) holds for any polynomial from P A 18 . Substituting the polynomials R 14 , R 16 in the formula, we obtain
Hence, (58) can be written in the form
a 1 , a 2 , a 3 are positive zeros of the polynomial given by (28). Hence, in particular, L(R 2ν ) = 0 for ν = 1, 2, . . . , 5, 6, 9, ν = 7, 8, i.e., the property (41) holds. Substituting the polynomial f (t) ≡ 1 in (60), we also get (40).
Obviously, (60) can be extended to all the class of functions Φ A 43 , if we write this formula in the form (38).
In order to complete the proof, it remains to verify inequalities (42). To validate these inequalities, we use the following two properties of the ultraspherical polynomials {R k }:
(1) R ν (1) = 1, R ν (−1) = (−1) ν , ν ≥ 0, (2) on (−1, 1), the polynomials R ν converge pointwise to zero as ν → ∞, to be exact, the estimates (62) hold for the polynomials. 
Estimates of the Jacobi polynomials and, particularly, of the ultraspherical polynomials has a rich history; the estimate (62) is contained in ([16] , Lemma 2.1). By the assumption of the lemma, the estimate (62) can be used for n ≥ 39. Let us recall that a i ∈ (0, 1/2). Therefore, for any ν ≥ 1 we have P r o o f. The polynomial π 2 (t) = t 4 + q t 2 + r in the right-hand side of (26) is positive on [−1, 1]. Therefore,
and e 0 = r. Thus, f = f * is a unique function satisfying the requirements (66), (69) and (68).
(2) Suppose now that the polynomial e in the representation (66) of the function f has the form e(t) = ct 4 + e 1 t 2 + e 0 and c = 0. Then the function f c = f c satisfies all the conditions of the lemma and the second factor in the representation (66) of the function has the form (69). It follows, as we have
shown just now, that f c = f * or, equally, f = cf * . Clearly, if f ∈ F A 43 , then c > 0.
(3) Finally, let us show that if the function f satisfies the assumptions of the lemma and the second factor in (66) has the form e(t) = e 1 t 2 + e 0 , then f ≡ 0. Indeed, the function f = f * + f satisfies all the assumptions of the lemma. For this function the formula f = he is valid, where e is the polynomial of the fourth degree e(t) = t 4 + e 1 t 2 + e 0 with the coefficients e 1 = q + e 1 , e 0 = r + e 0 . The polynomial e has the form (69). Hence, as we have already proved, f = f * and therefore f ≡ 0. This completes the proof of Lemma 5. 
